We show that a general principle of physical independence or physical invariance of mathematical background manifold leads to a replacement of the common derivative operators by the covariant co-derivative ones. This replacement naturally induces a background matrix, by means of which we obtain an effective Lagrangian for the minimal standard model with supplement terms characterizing Lorentz invariance violation or anisotropy of space-time. We construct a simple model of the background matrix and find that the strength of Lorentz violation of proton in the photopion production is of the order 10 −23 .
Introduction
Lorentz symmetry is one of the most significant and fundamental principles in physics, and it contains two aspects: Lorentz covariance and Lorentz invariance. Nowadays, there have been increasing interests in Lorentz invariance Violation (LV) both theoretically and experimentally (see, e.g., Ref. 1) . In this paper we find out a general principle, which provides a consistent framework to describe the LV effects. It requires the following replacements of the ordinary partial derivative ∂ α and covariant derivative D α by the co-derivative ones
where M αβ is a local matrix. In the following, we introduce this general principle at first, and then explore its physical implications and consequences.
Principle of Physical Invariance
Principle: Under any one-to-one transformation X → X ′ = f (X) on mathematical background manifold, the transformation ϕ(·) → ϕ ′ (·) of an arbitrary physical field ϕ(X) should satisfy
Most generally, this principle can be handled in geometric algebra G (or Clifford algebra) and geometric calculus (see, e.g., Refs. 2, 3). The general element in geometric algebra is called a multivector, and addition and various products of two multivectors are still a multivector, i.e. geometric algebra is closed. Different variables in physics, such as scalar, vector, tensor, spinor, twistor, matrix, etc., can be described by the corresponding types of multivectors in a unified form in geometric algebra (see, e.g., Refs. 2, 3, 4, 5 for details). ϕ(X) ∈ G is a multivector-valued function of a multivector variable X ∈ G, and it can be decomposed in an arbitrary local coordinate system with the basis vectors {e 1 , e 2 , . . . , e n } as
where "∧" is called wedge product, e J ≡ e α1 ∧ · · · ∧ e αr , with J = {α 1 , · · · , α r } for r = 1, · · · , n, and e 0 ≡ 1 with J = 0. Here ϕ J is the components of ϕ(X) and J denotes tensor index. We should not be frustrated by the operation algorithms in geometric algebra, but could consider a general multivector ϕ just as an ordinary vector and that two multivectors ϕ and ψ are not commutable, namely ϕψ = ψϕ, somehow like matrices. Remembering these two points will suffice the following discussions. What should be kept in mind is that in this new framework, the commonly used tensor notation ϕ α1···αn only represents the component of ϕ with respect to a specific coordinate basis. Conventionally one simply means a multivector ϕ by its component ϕ α1···αn and regards the transformation rules for these components from one basis to another as the transformation of a multivector. However, a multivector should be coordinate-independent. For instance, ϕ = ϕ α e α is a multivector and does not change under any coordinate transformation but its component ϕ α does. This general principle actually makes the field ϕ(X) represent a physical distribution, rather than a common mathematical function. Although the uniqueness of reality can be mathematically described in many ways like ϕ(X), ϕ ′ (X ′ ), and ϕ ′′ (X ′′ ), · · · , the physics behind remains unchanged, saying independence or invariance. So (2) claims Physical Independence or Physical Invariance (PI) on mathematical background manifold.
For the field ϕ(X) satisfying (2), its derivative field might be naively defined as
But does this definition still fulfil (2)? If π(X) is a physical field, there must be the condition π ′ (X ′ ) = π(X) according to PI. However,
where we define F (·) ≡ ∂ X f (X) * ·, and F (·) is linear to "·". So the above-mentioned definition of π(X) fails to satisfy PI. The problem arises from the derivative with respect to X. Therefore we redefine the derivative field as
where M (·) is linear to "·" and has the covariant transformation property
Thus we have
According to (2) , π(X) is now indeed a physical field. We realize the principle of PI via the introduction of M (∂ X ) and the replacement of
Background Matrix
The derivations in Section 2 are coordinate-free. If concrete calculations are concerned, we may specify a coordinate system with basis {e I }, and the completeness relation leads to
where
. We call M IJ the Background Matrix (BM) field. If we choose another coordinate frame {e I ′ }, the coordinate transformation is e I ′ = T (e I ) = e J e J * T (e I ) = e J T J I , with T J I ≡ e J * T (e I ) being the coordinate transformation matrix. Therefore, M IJ is accordingly transformed to
So the component M IJ is coordinate-dependent and transforms in the same way as a common tensor.
Furthermore for ∂ X , we have
where the second and third items result from the facts that ∂ J is a scalar operator and M (·) is linear to "·". So the replacement for the component ∂ J of a multivector ∂ X is
We now turn our attention to the physical implications of the BM and show that it contains LV and information of anisotropy of spacetime. But ahead of that, for the integrity and consistence of a complete framework, we further provide another principle aside from the one of PI for the discussion of covariant derivatives and various gauge fields related with local symmetries.
If a symmetry group is local to manifold, we must define a covariant derivative operator to maintain the covariance of the Lagrangian under gauge transformations. If there exists a scalar operator D J , which applies to two arbitrary fields ϕ 1 (X) and ϕ 2 (X),
we demand the principle of covariance: Under the transformation
there is a corresponding transformation,
where R(X) is an invertible multivector in G, standing for various local symmetries, with specific matrix representations like SU(N) or SO(N). The operator D J is named as covariant derivative, and the principle of covariance can determine the forms of D J and further introduce gauge fields with respect to the local symmetry R(X) in the framework of geometric algebra. D J in geometric algebra may have different forms in the Standard Model (SM), differential geometry, and general relativity, just as a symmetry group may have different representations. What we want to emphasize is that all definitions are equivalent and can be unified in geometric algebra. For example, from the viewpoint of general relativity, for a general multivector ϕ(X), we have (ii) When promoting a global symmetry to a local one, we have to change a derivative ∂ I to a covariant derivative D I and acquire gauge fields. Altogether these two considerations straightforwardly lead us to a new covariant co-derivative operator
This generation is the essence for the origin of the LV terms in the SM.
When considering both the principles of PI and of covariance, we get
with the coordinate-free covariant multivector derivative D X ≡ e J D J , and D J being the component of D X . So we arrive at our replacement for the covariant multivector derivative D X ,
and the replacement for its component D J ,
The replacements (4) and (5) are the consequences of the principles of both PI and covariance. The first principle indicates the existence of the BM, and the second is important to introduce covariant derivatives, local symmetries and gauge fields. For the goal of this paper, to explore the BM and its physical implications, the principle of PI is enough. But for completeness and clearness, we simply discuss the principle of covariance. Now, we move on to spacetime, which can be part of general geometric algebra space. So X is replaced by spacetime coordinate x, and the indices are explicitly denoted by α, β instead of I, J.
Standard Model Supplement
Section 3 provides the essentials to construct a mathematical-background-manifoldfree and coordinate-free framework for physics. One of the significant results is that in order to satisfy the principle of PI, the common derivative ∂ α and covariant derivative D α must be generalized to M αβ ∂ β and M αβ D β , with M αβ being the BM. Except that, other basic fields remain untouched, because they do not involve with these two derivatives. In this section, we follow this scheme and focus on the physical implications and consequences from these new introduced co-derivatives
The effective Lagrangian of the minimal SM L SM consists of the following four parts
Here ψ is fermion field, φ is Higgs field, and
α t a , with g being the coupling constant, f abc the structure constant, and t a the generator of gange groups respectively. L HF is the Yukawa coupling between fermion and Higgs fields, which is not related to ∂ α and D α , so it keeps unchanged under the replacement (1). The chiral difference and the summation of chirality and gauge index are omitted here for simplicity.
We divide M αβ into two parts M αβ = g αβ + ∆ αβ , with g αβ as the metric of spacetime. (This decomposition will be fully discussed in the next section.) Under (1), the Lagrangians in (6), (7), and (8) become
with the condition M αβ being real matrix to maintain the Lagrangian hermitian. The last three terms L GV , L FV , and L HV in (9), (10), and (11) are the supplement terms for the minimal SM, reading
Thus L SM is modified to an effective Lagrangian of the SM with supplement terms (SMS) L SMS , L SMS satisfies the invariance of gauge group SU(3) SU(2) U(1) and the invariance of PI. All the terms above in the Lagrangians are Lorentz scalars at more fundamental level than the minimal SM. But for the SM, ∆ αβ is treated as coupling constants or background influences from this more fundamental theory, and all the other fields for the SM are what we are studying, so L LV is not Lorentz invariant under the observer's Lorentz transformation on these fields. From this point of view, we call the supplement term L LV the Lorentz invariance violation term, and it contains the information of LV or anisotropy of spacetime in the SM.
To achieve a deeper insight and clearer understanding for the SMS here, let us make a comparison with the commonly used Standard Model Extension (SME) 6 and try to figure out the relations of the various coupling constants. Keeping the conventions in Ref. 6 and omitting detailed derivations, we summarize our results in Table 1 . SMS SME
We find: (i) ∆ αβ provides the most equivalent coupling constants in the SME of the LV items in the sectors of fermion, gauge, and Higgs fields; (ii) The various combinations of ∆ αβ as coupling constants own a different CPT property. For example, ∆ µν , ∆ µν A ν , g γρ ∆ γβ ∆ ρν g αµ − ∆ αβ ∆ µν , and ∂ α ∆ µα are CPT-even, CPT-odd, CPT-even, and CPT-odd respectively. The SME in Ref. 6 includes all the possible LV terms of spontaneous symmetry breaking for the SM and it is mentioned that all these LV terms may origin from a fundamental theory. Thus what we perform in this paper shows a fundamental way for the LV terms in the SM from basic principles.
Lorentz Invariance Violation Matrix
Now let us turn to the local BM M αβ , of which the vacuum expectation value is used for the coupling constants in (12), (13) and (14) . We decompose M αβ into two parts
where g αβ is the metric of spacetime. Since all the elements of M αβ or ∆ αβ are dimensionless, they naturally encode the strength of LV or the degree of anisotropy of spacetime 7 , i.e. Hence we call ∆ αβ the Lorentz invariance Violation Matrix (LVM), and its entries will be constrained with the help of laboratory experiments 8 and astronomical observations 9,10,11,12,13,14,15 . Generally speaking, ∆ αβ depend on the types of particles. While ϕ(x) can be re-scaled to absorb one of the 16 degrees of freedom in ∆ αβ , so that only 15 are left physical. Thus in this paper, we assume M 00 = g 00 , or ∆ 00 = 0. As a result of the LVM, we may attain various modified dynamical equations of fields, as well as dispersion relations from the effective Lagrangian L SMS . Here as a preliminary test of our construction, we take the Dirac equation for free fermion field ψ(x) as an example. First, we replace ∂ α to M αβ ∂ β ,
Second, we multiply (iγ α M αβ ∂ β + m) on both sides,
With the Fourier transformation ψ(x) = ψ(p)e −ip·x dp, the extended dispersion relation becomes
We see that the left-hand side of (15) is not invariant under the observer's Lorentz transformation on p, reflecting the influences from the fundamental theory. So we claim that the last two items of the left-hand side of (15), which are the extensions of the ordinary mass-energy relation p 2 = m 2 , contain the information of LV. Systematic LV effects from the general form of ∆ αβ still need further studies, but here we merely employ a special SO(3) invariant model of LVM to demonstrate our mechanism. So we assume 
Substituting (16) into (15) gives the extended dispersion relation for free fermion field in this simple case,
characterize the Lorentz invariance violation or spacetime anisotropy. Thus we have a feeling that the principles of physical invariance and covariance are more fundamental than Lorentz invariance or spacetime isotropy.
